One-sided Heegaard splittings of non-Haken 3-manifolds by Bartolini, Loretta & Rubinstein, J. Hyam
ar
X
iv
:m
at
h/
07
01
90
6v
2 
 [m
ath
.G
T]
  3
0 J
ul 
20
08
One-sided Heegaard splittings of
non-Haken 3-manifolds
Loretta Bartolini
J. Hyam Rubinstein
Abstract
A proof that geometrically compressible one-sided Heegaard splittings of
non-Haken 3-manifolds are stabilised is given. The proof is via the clas-
sification of splittings of twisted I-bundles, which involves homotopies of
maps; a method significantly different to those used for related two-sided
results and that used in the proof for the case of RP3. Combined with
known results about geometrically incompressible surfaces, the main result
determines that one-sided splittings of small Seifert fibred spaces are either
pseudo-horizontal or pseudo-vertical. Considering the class of hyperbolic
examples generated by the (2p, q) Dehn fillings of Figure 8 knot space, the
one-sided splitting surfaces can be strictly bounded by the incompressible,
boundary incompressible surfaces in the knot space. Moreover, uniqueness
can be determined for fillings with | 2p
q
| > 3, allowing the one-sided split-
tings to be fully classified. Drawing on minimal surface theory, the main
result can also be used to show that non-Haken hyperbolic 3-manifolds have
finitely many isotopy classes of one-sided splittings of bounded genus.
1 Introduction
Geometric incompressibility of one-sided Heegaard splitting surfaces provides
an analogue to the well understood property of strong irreducibility for two-
sided splittings. As such, it is natural to ask if key results relating to strongly
irreducible splittings translate to geometric irreducibility. Given both the direct
and historical consequences of Casson and Gordon’s initial work on strongly
irreducible two-sided splittings [3], this is an important result to emulate.
We ask whether geometric compressibility of one-sided splittings of non-Haken
3-manifolds can correspond to anything other than trivial handles. If not, it
would imply that given any geometrically compressible splitting, either the
surface is stabilised or the manifold is Haken. Here, we show that this result
indeed holds, thus proving the one-sided analogue of Casson and Gordon’s
result. This arises as a consequence of the classification of one-sided splittings
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of twisted I-bundles; itself an analogue of Scharlemann and Thompson’s work
on two-sided splittings of (surfaces)×I [9].
Notably, unlike the case of S3 and RP3 in [2], the methods used in the original
two-sided proof do not transfer to the one-sided case: the standard method of
pushing across a splitting surface is no longer viable when this surface is one-
sided. However, the behaviour of the orientable double cover is well understood,
due to Scharlemann and Thompson [9], as such there is a natural basis for
finding stabilising discs directly. A new method involving maps is described,
which uses a classical technique of Stallings [10] to obtain an isotopy from a
homotopy.
Having established that one-sided splittings of non-Haken 3-manifolds are gov-
erned by geometrically incompressible splitting surfaces, when information is
available about the nature of such surfaces, information about all further split-
ting surfaces follows. Since geometrically incompressible one-sided surfaces
in Seifert fibred spaces are known to be either pseudo-horizontal or -vertical,
through the work of Frohman [4] and Rannard [7], the structure of all one-sided
splittings of the non-Haken subclass is known.
The well-known geometrically incompressible, one-sided surfaces in Figure 8
knot space, found originally by Thurston [11], provide the basis for constructing
geometrically incompressible surfaces in appropriate Dehn fillings of the mani-
fold. Using the general structure of one-sided surfaces in link spaces, along with
direct arguments, it is possible to strictly bound the number of geometrically
incompressible, one-sided splittings for (2p, q) fillings by the surfaces in the knot
space restriction. Furthermore, in the substantial subclass of fillings where a
single minimal genus surface is present, a unique geometrically incompressible
splitting surface can be identified, thus classifying one-sided splittings of these
hyperbolic 3-manifolds.
2 Preliminaries
Throughout, let M be a compact, orientable 3-manifold and consider all man-
ifolds and maps as PL.
When considering a one-sided Heegaard splitting, it is useful to adopt the two-
sided splitting concepts of meridian discs and handlebody components. Differ-
ences in the two techniques, however, require that distinctions be made. As
such, consider the handlebody complement of a one-sided splitting (M,K) to be
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the open handlebody H = M \K and meridian discs to be the closure on K
of meridian discs in H.
Definition 2.1 A one-sided splitting (M,K) is geometrically incompressible if
any simple, closed, non-contractible loop on K does not bound an embedded
disc in M \ K. Call K geometrically compressible if it is not geometrically
incompressible.
Definition 2.2 Say that (M,K) geometrically compresses to (M,K0) if there
exists a sequence of surfaces Kn = K,Kn−1, . . . ,K1,K0, where each Ki is ob-
tained by compressing Ki+1 along a single, embedded disc that meets Ki+1 only
in its boundary curve.
Definition 2.3 If di, dj are meridian discs for a one-sided splitting and Bε(x)
is an ε-ball centred at x = ∂di ∩ ∂dj , call x isolated if di ∩ dj ∩Bε(x) = x. Call
x non-isolated if di ∩ dj ∩Bε(x) = α, where α is an arc containing x.
Definition 2.4 A one-sided splitting (M,K) is stabilised if and only if there
exists a pair of embedded meridian discs d, d′ for K such that d ∩ d′ is a single
isolated point. Call such a pair of discs dual and if M is irreducible, call (M,K)
irreducible if it is not stabilised.
Notice that the embedded dual discs for a stabilised splitting render it inherently
geometrically compressible.
3 One-sided splittings of non-Haken 3-manifolds
Given a stabilised one-sided splitting is necessarily geometrically compressible,
it is natural to ask when this is a sufficient condition for stabilisation. This
has been proved in the case of RP3 [2] and the general case can be considered
analogous to the result of Casson-Gordon for two-sided splittings [3].
The idea of the proof is to restrict attention from a closed manifold to a twisted
I-bundle over a geometrically incompressible surface. Thus, the problem be-
comes understanding splittings of twisted I-bundles. Using the classification
of two-sided splittings of a (surface)×I by Scharlemann-Thompson [9], we ob-
tain dual pairs of singular discs for the one-sided splitting. Generally, such
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pairs cannot be adapted to give destabilising pairs. However, in this case, the
highly restrictive nature of the twisted I-bundle allows an indirect use of this
information.
In order to use this approach, it is first necessary to establish that given two one-
sided splittings related by geometric compressions, they are contained within
the same twisted I-bundle. To see this, consider spines of the compression body
complements to the splitting surfaces:
Lemma 3.1 If (M,K) is a geometrically compressible one-sided Heegaard split-
ting that geometrically compresses to (M,K0), then a spine of M \ K0 is a
subspine of M \K.
Proof If H =M \K, let H ′ be H along with the 2-handles added to H when
compressing K to K0. Since H
′ is H0 = M \K0 with additional 1-handles, a
spine of H0 is a subspine of H
′.
Lift to the orientable double cover (M˜ , K˜), where p: M˜ → M is the covering
projection. Let H˜, H˜ ′ each be a single connected component of p−1(H), p−1(H ′)
respectively, chosen such that H˜, H˜ ′ are related by a series of compressions.
Push K˜ = p−1(K) into H˜ ′ to obtain a two-sided Heegaard splitting (H˜ ′, K˜),
which has genus H−genus H ′ trivial handles. Destabilise to get an irreducible
splitting (H˜ ′, K˜ ′). Notice that both splittings (H˜ ′, K˜), (H˜ ′, K˜ ′) consist of a
single handlebody and compression body.
The spine of the handlebody component of (H˜ ′, K˜ ′) is a subspine of that of
(H˜ ′, K˜), by rearranging the trivial handles. By construction, the handlebody
component of (H˜ ′, K˜ ′) shares a spine with H˜ ′, similarly, the handlebody compo-
nent of (H˜ ′, K˜) shares a spine with H˜. Therefore, the spine of H˜ ′ is a subspine
of H˜.
Projecting, a spine of H ′ is a subspine of H. Since a spine of H0 = M \K0 is
a subspine of H ′, it is also a subspine of H =M \K0. 
Given a splitting surface is disjoint from the spine of its compression body
complement, it is also disjoint from any subspine. Therefore, any geometrically
compressible splitting surface K is disjoint from the spine Γ of the comple-
ment of the geometrically incompressible splitting K0 to which it compresses.
Deleting Γ results in a twisted I-bundle N over K0, and since K∩Γ = ∅, the ge-
ometrically compressible surface K is also contained within this I-bundle. The
complement of K in the I-bundle is a compression body, since Γ is a subspine
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of a spine of M \ K. Therefore, K is a one-sided splitting of N , which again
compresses to K0.
Thus, the problem has been reduced to considering related splittings of a twisted
I-bundle, since if K is stabilised within the I-bundle, it is indeed stabilised in
the manifold.
Theorem 3.2 Every geometrically compressible one-sided Heegaard splitting
of a twisted I-bundle is stabilised.
It is the proof of Theorem 3.2 that requires the construction and subsequent
modification of a pinch map. As such, the details are deferred to Section 3.1.
Combining Theorem 3.2 and Lemma 3.1, the main result is an immediate con-
sequence:
Theorem 3.3 Every geometrically compressible one-sided Heegaard splitting
of a non-Haken 3-manifold is stabilised.
Proof Take a geometrically compressible one-sided Heegaard splitting (M,K)
of a non-Haken 3-manifold M and let (M,K0) be the geometrically incom-
pressible splitting obtained by geometrically compressing K. Let Γ be a spine
of M \ K0, which is thus a subspine of M \ K by Lemma 3.1. Delete Γ to
obtain a twisted I-bundle N over K0, of which K is a geometrically compress-
ible splitting. By Theorem 3.2, as K geometrically compresses to K0 in N , it
is stabilised in N . The dual discs in N corresponding to this stablisation are
unaffected by replacing the spine Γ, hence are again dual in M . Therefore, K
is stablised in M . 
3.1 One-sided splittings of twisted I -bundles
In order to prove that one-sided splittings of twisted I-bundles are standard, a
new approach is developed. As is common to many stabilisation arguments for
both one- and two-sided splittings, the major difficulty arises when distinguish-
ing between the minimal part of the splitting and the trivial handles. Here,
this manifests as characterising the geometrically incompressible part of the
splitting independently from the geometrically compressible component.
Whilst annuli are a natural reference point for the geometrically incompressible
surface in a twisted I-bundle, there is no immediate way to obtain a complete
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set that does not intersect the geometrically compressible handles. However,
by constructing a pinch map based on singular dual discs from the orientable
double cover, it is possible to shrink this part of the surface to avoid such inter-
sections. Applying a method of Stallings to modify the effect on the pullback,
subsequently yields the desired set of annuli for the original splitting. Cutting
along this set isolates the geometrically compressible handles in a ball, thus
Waldhausen’s original S3 result applies.
In order to start the argument, the following lemma is recalled:
Lemma 3.4 (Rubinstein [8]) Any two geometrically incompressible, non-
orientable surfaces in a twisted I-bundle are isotopic.
Consider this lemma in the context of all one-sided surfaces embedded in a
twisted I-bundle. By Rubinstein [8], every geometrically compressible one-
sided splitting in a twisted I-bundle geometrically compresses to a geometrically
incompressible splitting, as any two-sided non-separating incompressible surface
would correspond to a Z-homology class. Thus, Lemma 3.4 shows that any
such geometrically incompressible surface is indeed that onto which the bundle
retracts. Hence, we can return to the proof of Theorem 3.2. Recall:
Theorem 3.6 Every geometrically compressible one-sided Heegaard splitting
of a twisted I-bundle is stabilised.
Proof Take a geometrically compressible one-sided Heegaard splitting (N,K)
of a twisted I-bundle N . By Lemma 3.4, K geometrically compresses to K0,
where N is a twisted I-bundle over K0.
Lift to the orientable double cover N˜ , where p: N˜ → N is the covering pro-
jection and g: N˜ → N˜ the covering translation. The twisted I-bundle lifts to
K˜0 × I, where (N˜ , K˜0) is the canonical minimal genus two-sided splitting and
(N˜ , K˜) is of higher genus.
By Scharlemann-Thompson [9], K˜ destabilises to K˜0, with destabilisations
given by sets of discs ∆,∆′ in opposite compression bodies, where every disc in
∆ has a dual in ∆′. Projecting introduces both intersections and singularities
to pairs of discs, otherwise dual pairs in p(∆), p(∆′) describe destabilisations
of (N,K) and the result holds. Despite the complications introduced by the
projection, the resultant discs nevertheless provide the basis for a pinch map.
Construct such a map f : N → N¯ as follows:
One-sided Heegaard splittings of non-Haken 3-manifolds 7
Let N0 be a regular neighbourhood of K and H = N \N0 the compression body
complement. Let p(∆) = ∆0 and p(∆
′) = ∆′0 be projections of the disc sets
in N˜ , arranged such that every disc in ∆0 has a dual in ∆
′
0. Notice that while
the dual points are the isolated intersections between the sets, there may be
additional isolated intersections within the sets and non-isolated intersections
between them.
As ∂∆0, ∂∆
′
0 are made up of two-sided curves, the boundary of any disc in
these systems can be pushed off K in one of two ways: either the resultant disc
is disjoint from K and isolated singularities of the disc are removed; or, the
disc passes through K and the original isolated singularities in the boundary
become arcs of singularity. Given a dual pair of discs, pushing the boundaries
off K simultaneously, while preserving the intersection point, results in both
cases; one for each disc.
Push the boundaries of ∆0,∆
′
0 off K onto ∂N0 to get ∆¯0, ∆¯
′
0 respectively.
Preserve the intersection points between dual pairs, choosing to make all discs
in ∆¯0 (or equally ∆¯
′
0) embedded and disjoint from K. Notice that all discs
in ∆¯′0 (or ∆¯0) thus gain non-isolated singularities, while their boundary curves
become embedded on ∂N0.
For every d ∈ ∆¯0, there is an embedded dual curve on ∂N0 bounding a singular
disc d′ ∈ ∆¯′0. Take a closed neighbourhood of d∩d′ in ∂d′ to obtain an embedded
arc λ ⊂ ∂d′ that intersects d in a single point. Call λ the dual arc to d. If Λ
is the collection of all such arcs, let ∆¯0 × Λ be the collection of balls obtained
by taking the product of every disc and its dual arc. Each of these balls can
also be viewed as a closed regular neighbourhood of a disc in ∆¯0, where the arc
runs parallel to the product region, with endpoints on the boundary images of
the disc.
If d, d′ and λ are as described above, let γ ⊂ λ be a closed neighbourhood of
∂λ consisting of a disjoint pair of closed arcs. Let µ be the closure of ∂d′ \ λ
and let ν be the closure of λ \ γ. Then ∂d′ is divided into γ, µ and ν, with the
segments overlapping only in their boundary points (see Figure 1).
Construct a map f |H : H → H¯ by first projecting d×ν onto ν and then mapping
ν homeomorphically onto µ. On d × γ, define f |H to be the homotopy from
the projection of d× ∂ν onto ∂µ to the identity on d× ∂µ, where the two arcs
of γ serve as the time parameters for the homotopy of maps of a disc. On the
complement H \ {∆0}, let f |H be the identity.
The projection of d× ν onto ν is homotopic to the identity map on d× ν. The
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d′
µ
γ
γν
λ
d
Figure 1: Partitioning ∂d′ into arcs γ, µ and ν
map that sends ν to µ is homotopic to the identity map on µ, as the dual disc
provides a contraction of the boundary. Moreover, applying this process to all
dual disc pairs, the map f |H is homotopic to the identity on ∆¯0×γ. Therefore,
the map f |H itself is homotopic to the identity.
If N1 ⊂ N0 is a closed half-collar of ∂H = ∂N0 and f is the identity on the
closure of N0\N1, let f |N1 be the homotopy from f |H to the identity. Therefore,
the map f : N → N¯ , as defined above, is homotopic to the identity.
Having constructed the pinch map f , consider the image of the geometrically
incompressible splitting surface K¯0 = f(K0), viewing it as K¯ after a series
of geometric compressions. Choose a pair of embedded two-sided curves that
cut K¯0 into discs. Let A¯ be the annuli A¯1, A¯2 obtained by taking collars of
these curves in N¯ , where ∂A¯ ⊂ ∂N¯ . Since the images of the geometrically
compressible handles of K are trivial on ∂+H¯ = ∂N¯0, choose A¯ to avoid them.
Pull back A¯ via f−1 to get A: a pair of surfaces in N . By transversality,
both surfaces in A are embedded and orientable. Since f is the identity on
∂N , the boundaries of the annuli in A¯ remain unchanged under the inverse
map. Similarly, the curves of intersection with the splitting surface are unaf-
fected, so A∩K cuts the geometrically incompressible componentK0 into discs.
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Therefore, while f−1 acts highly non-trivially on the annuli in H◦, resulting in
arbitrarily complicated surfaces in the pre-image, these surfaces are known to
be disjoint from the geometrically compressible component and intersect both
∂N and K in a straightforward way.
Claim Using a method of Stallings [10], f is homotopic to a map under which
the pullback of A¯ is a pair of embedded annuli.
Consider the pullback of an annulus A¯1. By Stallings [10], given any compress-
ing disc for f−1(A¯1) in N , the map f is homotopic to a map under which the
pullback of the annulus has been compressed along this disc. Applying this to
all compressing discs for f−1(A¯1), a map f1: N → N¯ that is homotopic to f is
obtained, with f−11 (A¯1) incompressible.
In the event that f−1(A¯2) has compressing discs that are subsets of compress-
ing discs for f−1(A¯1), altering the map to compress the latter will simultane-
ously compress the former. As transversality is maintained after the homotopy,
f−11 (A¯1), f
−1
1 (A¯2) remain transverse and embedded.
As f−11 (A¯1) is incompressible in N with two boundary curves on ∂N and a
single curve of intersection with K, it contains a vertical annulus A1 ⊂ N .
Since there are no closed incompressible surfaces disjoint from such an annulus,
f−11 (A¯1) consists precisely of the incompressible annulus A1.
Given the annuli in A¯ intersect non-trivially, further modifications of f need to
proceed with care. Consider the pullback f−11 (A¯2). As f1 is the identity on ∂N ,
any arcs of intersection between A1 and f
−1
1 (A¯2) exactly correspond to arcs in
A¯1 ∩ A¯2. There are no closed curves of intersection between the surfaces, as f1
is an isotopy on A1 and there are no such curves in the image.
Since A¯1, A¯2 intersect in a number of vertical arcs, A¯1 cuts A¯2 into a collection
of quadrilateral discs D¯, where each disc has one pair of boundary arcs on ∂N¯
and the other on A¯1. In order to preserve the arcs in A¯1∩A¯2, apply the Stallings
argument to the discs:
Consider the pullback f−11 (D¯). Choose a set of innermost compressing discs
and let f2: N → N¯ be a map homotopic to f1, and hence f , such that f−12 (D¯)
is compressed along these discs. Repeat this process, working from innermost
discs outwards, to obtain a map fn: N → N¯ , where fn is homotopic to f and
f−1n (D¯) is incompressible. Any closed components of f−1n (D¯) are disjoint from
essential annuli, hence are compressible. As such, f−1n (D¯) = D; a collection of
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quadrilateral discs. As ∂D¯ is unchanged by f−1n , the pullback D glues together
to form A2; an annulus isotopic to A¯2.
Since (A1 ∪A2) ∩K cuts the geometrically incompressible component K0 into
discs and N is a twisted I-bundle over K0, cutting N along A1, A2 results in
a collection of balls B. As the geometrically compressible component of K is
disjoint from A1, A2, it is thus contained in B. By Waldhausen [13], all handles
in B are trivial, hence K is stabilised. 
In light of Theorem 3.3, wherever all geometrically incompressible one-sided
splittings of a non-Haken 3-manifold are understood, this information can be
extended to a classification of all one-sided splittings of the manifold.
4 Small Seifert fibred spaces
When considering one-sided surfaces in Seifert fibred spaces, the usual concepts
of horizontal or vertical two-sided surfaces can be extended:
Let T1, T2, . . . , Tm ⊂M be fibred open neighbourhoods of the singular fibres in
M and let M∗ =M \ {T1, T2, . . . , Tm}.
Definition 4.1 An embedded one-sided surface K ⊂M is pseudo-horizontal if
K ∩M∗ is horizontal in M∗ and K ∩ Ti is either a punctured non-orientable
surface or a collection of meridian discs for Ti, for i = 1, 2, . . . ,m.
Definition 4.2 An embedded one-sided surface K ⊂ M is pseudo-vertical if
K ∩ M∗ is vertical in M∗ and K ∩ Ti is either empty or a punctured non-
orientable surface in Ti, for i = 1, 2, . . . ,m.
All geometrically incompressible one-sided surfaces in Seifert fibred spaces are
known to be either pseudo-horizontal or -vertical. While the orientable base
surface case was shown by Frohman [4], it was later generalised to include the
non-orientable base surface case by Rannard [7]:
Theorem 4.3 ([4],[7]) Any closed geometrically incompressible one-sided sur-
face in a Seifert fibred space is isotopic to either a pseudo-horizontal or pseudo-
vertical surface.
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Combining this result with Theorem 3.3 gives the following immediate corollary:
Corollary 4.4 Any one-sided Heegaard splitting of a small Seifert fibred space
is by a pseudo-horizontal or pseudo-vertical surface, or a stabilisation thereof.
This is a one-sided analogue to the result of Moriah and Schultens [6], where
irreducible two-sided Heegaard splittings of Seifert fibred spaces are determined
to be either horizontal or vertical.
5 Even Dehn fillings of Figure 8 knot space
An interesting class of examples in which to study the behaviour of one-sided
splittings are the (2p, q) Dehn fillings of Figure 8 knot space, which are hy-
perbolic, non-Haken 3-manifolds (under modest restrictions of p and q), with
the existence of geometrically incompressible, one-sided splittings determined
by their non-zero Z2-homology. The geometrically incompressible, boundary in-
compressible surfaces in the knot space alone have been known since Thurston [11],
providing a foundation for the study of the geometrically incompressible sur-
faces in the filled manifolds.
By a direct construction, it is possible to show that geometrically incompress-
ible one-sided splitting surfaces in the filled manifolds are a strict subset of the
surfaces that arise from completing the boundary incompressible surfaces in
the knot space. Furthermore, for ‘most’ fillings, a unique geometrically incom-
pressible splitting surface can be identified. Combined with the main result,
the latter fully classifies the one-sided splittings of the subclass. This contrasts
significantly with what is known in the two-sided case; no classification exists
for the two-sided splittings of any closed hyperbolic 3-manifold.
In order to investigate the one-sided surfaces in the filled manifolds, it is first
necessary to determine some properties regarding the structure of the one-sided
surfaces in the knot space. The arguments used apply equally to link spaces
in general, save for the restriction that there be no essential annuli, which are
included here for completeness.
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5.1 Canonical structure for one-sided surfaces in link spaces
Proposition 5.1 Any bounded geometrically compressible one-sided surface
with non-empty essential boundary in a link manifold that has no essential
annuli, can be arranged into a set of Mo¨bius bands in a neighbourhood of the
boundary, and a boundary incompressible component in the complement, which
is unique up to isotopy.
Proof Take K, a bounded geometrically incompressible surface in a manifold
M with toroidal boundary. Let {Nk} ⊂M be a set of closed neighbourhoods of
the boundary tori {Tk}, with {Nk} ∩K a neighbourhood of ∂K. Call each Nk
a boundary collar of M . Let M0 = M \ {Nk} be the core of M , while M \Nk
is the associated core with respect to a single boundary collar Nk.
Consider the boundary collar Nk of a single connected boundary component
Tk. Let B1 ⊂ M0 be a maximal disjoint set of embedded bigons representing
the innermost boundary compressions of K into ∂Nk. Isotope ∂Nk across B1 to
describe a new collar Nk1. Though Nk1 is isotopic to Nk inM , when considered
with respect to the surface, it contains a set of parallel Mo¨bius bands from K
rather than an annulus.
Repeat the process, letting B2 be a maximal disjoint set of bigons representing
the innermost boundary compressions of K into Nk1 . Isotope ∂Nk1 across B2
to describe a new collar Nk2 .
Consider the Mo¨bius bands in Nk2 described by bigons in B2. Each band has
nested within it at least one band arising from B1, otherwise, by maximality,
it would itself be described by a bigon in B1. Therefore, each of the second set
of isotopies has introduced exactly one level of nesting. Hence B2 describes a
set of parallel Mo¨bius bands, which are not parallel to those described by B1.
Notice that there may be bands from B1 that remain un-nested.
Iterate the isotopy process, letting Bi+1 be a maximal disjoint set of bigons
representing the innermost boundary compressions of K into Nki . Isotope ∂Nki
along Bi+1 to get Nki+1. Each step in this process introduces a set of parallel
Mo¨bius bands of K from the associated core into the new boundary collar. As
the process iterates, applying the previous maximality argument shows that
every bigon from Bi+1 describes a Mo¨bius band that contains nested bands
from each of B1,B2, . . . ,Bi for all i > 0. Note that at any step in the process,
nesting of a particular band may cease, however, this is terminal.
After a finite number of steps, a boundary collar Nkn of Tk is obtained such
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that in the associated core Mkn = M \Nkn , the restriction Kkn = K ∩Mkn is
boundary incompressible with respect to the boundary component Tk.
Suppose there exists an alternative series of bigon sets {B′j} from which arises a
boundary collar N ′km, in the associated core of which K restricts to a boundary
incompressible surface K ′km. Finally, assume that after identifying the associ-
ated cores Mkn and M
′
km
by a homeomorphism γ: Mkn →M ′km, that γ(Kkn) is
not isotopic to K ′km in M
′
km
.
Consider the two boundary collars Nkn , N
′
km
of Tk. Suppose Nkn 6= N ′km, so
there exists a bigon B ∈ {Bi} that non-trivially intersects Nkn\N ′km (or similarly
B′ ∈ {B′j} that intersects N ′km \Nkn).
The intersection B ∩ ∂N ′km is a collection of loops and arcs. Since ∂N ′km is
boundary parallel, hence incompressible, any loops of intersection with b can
be removed by simple surgery. The arcs of intersection are nested with respect
to the boundary of the bigon. An edgemost arc λ splits off a smallest bigon B¯,
which is wholly contained in Nkn . However, such a B¯ represents a boundary
compression of K ′km , thus contradicting its boundary incompressibility. There-
fore we can isotope B off ∂N ′km , hence achieve Nkn ⊂ N ′km. By symmetry, it
follows that N ′km ⊂ Nkn , so Nkn is isotopic to N ′km by an isotopy preserving K.
Thus Kkn = K
′
km
.
Repeat this process for each boundary component individually. Let Tk, Tl be
distinct boundary components, with initial collars Nk, Nl respectively. Suppose
a Mo¨bius band can boundary compress towards both Tk, Tl via bigons Bk, Bl
respectively. Then, expanding the collars to include Bk, Bl results in collars
N ′k, N
′
l that intersect.
The expanded collars N ′k, N
′
l intersect in an essential loop σ. Project σ onto
Tk, Tl to get σk, σl respectively. Within each collar N
′
k, N
′
l , the pairs σ, σk and
σ, σl respectively bound essential annuli. Joining these annuli along σ results
in an essential annulus for M . Having restricted M to contain no essential
annuli, the possibility of the expanded collars intersecting is ruled out. Hence,
the process of ascribing Mo¨bius bands to boundary components is unique, and
the argument is well-defined for multiple boundary components. 
Lemma 5.2 Given a bounded, geometrically incompressible, boundary incom-
pressible surface K0 in a link space M , with slope σk on boundary torus Tk ⊂
∂M , there is at most one geometrically compressible surface K, with boundary
slope σk on Tk, that can be obtained by attaching Mo¨bius bands to K0.
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Proof Suppose, by way of contradiction, that there exist two bounded, in-
compressible surfaces K1,K2 ⊂ M , each with boundary slope σk on boundary
torus Tk, that are obtained by attaching Mo¨bius bands to the same boundary
incompressible surface K0 ⊂ M . For each boundary torus Tk, isotope the sur-
faces K1,K2 in a collar Nk such that their boundary curves are both sk ⊂ Tk.
Further isotope the surfaces in the core M0 =M \ {Nk}, so that they coincide
with K0 in M0.
Consider K1,K2 in the set of boundary collars {Nk}. On the inner boundaries
{∂−Nk} = {Tk}, the surfaces have the same boundary curves {sk}. Having
isotoped the surfaces to coincide in the core, their set of intersections with the
outer boundary {∂+Nk} = ∂M0 again coincides in the set of curves {tk} =
∂K0 ∩ ∂M0.
Claim Within each collar, any pair of inner and outer boundary curves de-
scribes a unique incompressible one-sided surface up to isotopy.
There is a cobordism between each sk and tk, as they are homologous modulo
2, so the intersection number |sk ∩ tk| is even. Choose co-ordinates for the
toroidal boundaries of each collar, so that each sk ⊂ ∂−Nk is (0, 1). Extending
across the product region, each tk ⊂ ∂+Nk is of the form (2p, q), with p > q
and (p, q) = 1; choose such that p > 0.
Consider possible boundary compressions of the cobordism. Two curves on
the same boundary component bound surfaces that are related by a boundary
compression at that component if and only if they have intersection number
±2, as each component is a torus. Suppose the cobordism boundary compresses
once such that tk becomes t
′
k = (2p
′, q′). Then 0 < p′ < p and the intersection
number is:
|tk ∩ t′k| =
∣∣∣∣ 2p q2p′ q′
∣∣∣∣ = 2pq′ − 2p′q = ±2
Suppose there is an alternative boundary compression whereby tk is sent to
t′′k 6= t′k. Then t′′k = (2p′′, q′′) can be obtained only by adding or subtracting
(2p′, q′) from (2p, q) if it is also to satisfy the intersection number condition.
Since 2p′′ < 2p, addition can be ruled out, so the only possibility is t′′k =
(2p−2p′, q−q′). However, q−q′ is even, so this final case can also be eliminated.
Therefore, the sequence of intersection curves with ∂+Nk under boundary com-
pressions is unique. Notice that this uniqueness does not extend to the bound-
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ary compressions themselves: compressing different, non-parallel Mo¨bius bands
gives rise to the same boundary slope. Consider the example of the (10, 3)
surface in a solid torus. Compressing the nested (6, 2) Mo¨bius band results in
a (4, 1) boundary curve, as does compressing the band un-nested (2, 0) band.
Refer to Figures 2 and 3.
compress
Figure 2: Boundary compressing the (6, 2) Mo¨bius band of (10, 3) to get the
(4, 1) curve.
compress slide slide
Figure 3: Boundary compressing the (2, 0) Mo¨bius band of (10, 3) to get the
(4, 1) curve.
Given the uniqueness of the sequence of boundary curves, there is a unique
incompressible cobordism in each collar, up to isotopy. As such, for a pair of
inner and outer boundary curves on a collar, there is a unique incompressible
surface between them, up to isotopy. As M contains no essential annuli, there
is no interaction between boundary compressions relating to different boundary
tori, as such the argument is well-defined for multiple boundary components
and each collar contains a unique incompressible surface, up to isotopy.
Since K1,K2 therefore coincide in both the core and each collar, they are iso-
topic in M . 
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Note that if the core of a collar is filled, this reproves a result of Rubinstein [8]
relating to geometrically incompressible one-sided surfaces in solid tori.
5.2 The Mo¨bius band tree
Having explored the canonical structure of geometrically incompressible one-
sided surfaces in link spaces, in the case of a solid torus, the results can be
represented graphically. Describe the Mo¨bius band tree, where vertices are
(longitude, meridian)-co-odinates of curves on a torus that bound geometri-
cally incompressible one-sided surfaces, and edges join vertices if the associated
surfaces differ by a single Mo¨bius band. Note that the following describes the
tree associated with first quadrant values of p, q, which can be extended to
all other quadrants of p, q by the appropriate sign change of either or both
co-ordinates:
Begin with the only geometrically incompressible, boundary incompressible sur-
face in a solid torus: a meridian disc bounded by the curve (0, 1). In the first
quadrant, there is only one surface that can be achieved by adding a Mo¨bius
band to a disc: the Mo¨bius band bounded by (2, 1). From this point, the tree
begins to branch, as there are arbitrarily many ways to add a Mo¨bius band to
this surface. The curves (2a, b) bounding these surfaces can be identified by
satisfying the conditions (a, b) = 1, 2(b − a) = ±2, and a > 1, b ≥ 1, which re-
spectively ensure the curve bounds a one-sided surface, the difference in genus
is one and the (2a, b) surface has higher genus.
These conditions can be used recursively to propagate the full tree, with each
iteration generating surfaces of genus one higher (see Figure 4). For example,
the vertex (4, 1), bounding a surface of genus 2, is connected by edges to vertices
(10± 8k, 3± 2k) and (14± 8k, 3± 2k), where k is such that 10± 8k, 14± 8k > 4
and all co-ordinates are greater than 0, which bound surfaces of genus 3. As
the (2p, 1) surfaces have no nesting of bands, it is useful to distinguish them by
arranging the tree such that this branch is a line in the plane, with the branches
corresponding to surfaces with nested bands growing upwards from this base.
In order to ensure the tree is well-defined, consider the known structure of
geometrically incompressible one-sided surfaces in a solid torus. As established
in Proposition 5.1 (which in turn reproved a result from Rubinstein [8]), any
such surface boundary compresses to a meridian disc via a series of boundary
compressions that are unique up to parallel bands. Therefore, there exists a
path in the tree joining any vertex to (0, 1) and, by construction, the number
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(20, 7)
(14, 5)(18, 7)(22, 9)(26, 11)
(8, 3) (12, 5)(16, 7)(10, 3)(14, 3)(18, 5)(16, 3)(20, 3)(28, 5)
(0, 1) (2, 1) (4, 1) (6, 1)
Figure 4: Part of the Mo¨bius band tree
of edges in this path is the genus of the surface. By Proposition 5.2, this path
is unique.
Notice that given any two vertices on such a path, the curve bounding the sur-
face of greater genus can be identified as having longitude of greater Euclidean
length. Furthermore, the distance from (0,±1), in the tree corresponding to the
appropriate quadrant, is independent of sign, echoing the fact that all combina-
tions of sign for (±2p,±q) result in a surface of the same genus. Therefore, the
genera of surfaces associated to curves in different quadrants can be effectively
compared using this measure.
Thus, the Mo¨bius band tree is well-defined and mirrors the behaviour of one-
sided surfaces in a solid torus.
Claim Given a vertex (2p, q), the path from (2p, q) to (2, 1) does not pass
through (4, 1) if and only if 2p
q
< 3.
We prove this by induction on the length of the path to the vertex (2, 1). For
paths of length one, vertices are of the form (8±4k, 3±2k) and (8±4k, 5±2k).
Therefore, vertices of distance one have ratio of maximum value 83 < 3.
Induction step: If 2p
q
< 3, and some (2p′, q′), with p′ > p > 0 and q′ ≥ q > 0,
satisfies 2pq′ − 2p′q = ±2, then 2p′
q′
< 3.
Rewrite the intersection condition as p
q
− p′
q′
= ± 1
qq′
. Since 2p
q
< 3 and q is
odd, 1 ≤ 3q − 2p, thus p
q
≤ 32 − 12q . Combining gives p
′
q′
≤ 32 − 12q + 1qq′ . As
− 12q + 1qq′ < 0 for q′ > 1, the desired ratio p
′
q′
< 32 holds in such cases. If q
′ = 1,
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then 2p
′
q′
= 2p′ > 3 for all p′ > 1.
Hence the induction step holds for all vertices for which the path to (0, 1) does
not pass through (4, 1). Consequently, all vertices in the subtree extending
upwards from (2, 1) satisfy the ratio 2p
q
< 3.
As (4, 1) does not satisfy the given ratio, the previous argument does not apply
to any subsequent vertices. Indeed, all edges that propagate from (4, 1) have
vertices that satisfy the inverse 2p
q
> 3, which is again proved by induction:
Induction step: If 2p
q
> 3, and some (2p′, q′) satisfies 2pq′− 2p′q = ±2, where
p′ > p > 0 and q′ ≥ q > 0, then 2p′
q′
> 3.
Again, rewrite the intersection condition as p
q
− p′
q′
= ± 1
qq′
. Since 2p
q
> 3 and
q is odd, 1 ≤ 2p − 3q, thus p
q
≥ 32 + 12q . Combining gives p
′
q′
≥ 32 + 12q − 1qq′ .
As 12q − 1qq′ > 0 for q′ > 1, the desired ratio p
′
q′
> 32 holds in such cases. If
q′ = q = 1, then 2p
′
q′
= 2p′ > 3 for all p > 1.
Hence the induction step holds and all vertices for which the path to (0, 1)
passes through (4, 1) satisfy the ratio 2p
q
> 3.
Given the base branch consists of infinitely many vertices (2p, 1), with 2p1 > 3,
there are infinitely many subtrees extending upwards from this branch with
ratio 2p
q
> 3. As such, ‘most’ vertices in the Mo¨bius band tree satisfy the ratio
2p
q
> 3.
5.3 One-sided surfaces in even fillings of Figure 8 knot space
Theorem 5.3 Every (2p, q) Dehn filling of Figure 8 knot space, where p, q ∈ Z,
|p| > |q|, |p| > 2 and (p, q) = 1, has at most two non-isotopic geometrically
incompressible one-sided splittings. If |2p
q
| > 3 there is a unique geometrically
compressible one-sided splitting for the manifold, up to isotopy.
Proof LetM0 be the Figure 8 knot exterior,M(2p,q) the (2p, q) filling ofM0 and
MT =M(2p,q) \M0 the solid filling torus. Consider the torus T = ∂M0 = ∂MT ,
which can be parametrised by meridian, longitude co-ordinates with reference
to either side. Denote knot space and torus co-ordinates as (m, l)K and (l
′,m′)T
respectively. Letm, l be the canonical meridian and longitude for T with respect
to the knot space.
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Choose torus co-ordinates such that the meridian disc for MT with boundary
(0, 1)T is glued along the (2p, q)K curve by the filling. Note the interchanged
order of the meridian and longitude in the two systems. This corresponds to
the difference in conventions for labelling knot space and torus co-ordinates,
which is dictated by the curve that generates homology in each case. Let A be
the transition matrix from torus to knot space co-ordinates, where a, b ∈ Z are
chosen such that det(A) = 1 and the Euclidean distance of (a, b) from (0, 0) is
strictly less than that of (2p, q):
A =
(
b 2p
a q
)
If a one-sided splitting surface is geometrically incompressible, it can be isotoped
to be incompressible and boundary incompressible in M0. By Thurston [11],
there are three such surfaces in Figure 8 knot space: the Seifert surface for
the knot P(0,1), and the two Klein bottle spanning surfaces P(4,1), P(4,−1) with
boundary curves (4, 1)K , (4,−1)K respectively. Note that P(0,1) is a punctured
torus with boundary (0, 1)K , over which the knot space M0 fibres. As the
FIgure 8 knot is small, the incompressible spanning surfaces are known to be
free, as such, the complements of P(0,1), P(4,1), P(4,−1) in M0 are handlebodies.
While it is possible to have non-intersecting copies of P(0,1) inM0, disconnected
surfaces in M0 are disregarded here: by Rubinstein [8], there are no geomet-
rically incompressible one-sided surfaces with multiple boundary components
in a solid torus. Therefore, the only possible connecting surfaces in MT are
annuli, as a cyclic fundamental group is required. However, a non-orientable
surface cannot arise by joining distinct orientable components.
Having ascertained the three possible knot space components of any geometri-
cally incompressible one-sided splitting, consider the potential closures in MT .
By Lemma 5.2, a geometrically incompressible surface in a solid torus is com-
pletely determined by its boundary slope. As such, the surfaces can each be
explicitly identified using A−1 to change to torus co-ordinates:
A−1 =
(
q −2p
−a b
)
(0, 1)K = (−2p, b)T , (4, 1)K = (4q − 2p,−4a+ b)T ,
(4,−1)K = (−4q − 2p, 4a+ b)T .
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By way of example, calculate the curves for M(8,3):
A−1 =
(
3 −8
−1 3
)
(0, 1)K = (−8, 3)T , (4, 1)K = (4,−1)T , (4,−1)K = (20,−7)T .
Take the unions of the geometrically incompressible components in the torus
and knot space to obtain the splitting surfacesK(0,1),K(4,1),K(4,−1) arising from
the (0, 1)K , (4, 1)K , (4,−1)K curves respectively. Notice that in the example,
K(0,1) and K(4,1) both have non-orientable genus 4, while K(4,−1) has genus 6.
Consider whether the splitting surfaces thus obtained are geometrically incom-
pressible in the filled manifolds M(2p,q):
Given M(2p,q) is non-Haken, any splitting surface compresses to a geometrically
incompressible one [8]. Therefore, all the minimal genus surfaces are inherently
geometrically incompressible, as any compressions would imply a lower genus
splitting. In the example, both K(0,1) and K(4,1) are geometrically incompress-
ible.
In order to determine which surfaces are minimal genus, consider the relative
genera of the completions of each in the solid filling torus:
Begin by calculating the intersection numbers between the boundary curves:
|(4q − 2p,−4a+ b)T ∩ (−2p, b)T | = 4
|(−4q − 2p, 4a + b)T ∩ (−2p, b)T | = −4
|(4q − 2p,−4a+ b)T ∩ (−4q − 2p, 4a+ b)T | = 8.
Surfaces in a solid torus are related by a single Mo¨bius band addition or bound-
ary compression if and only if their boundary slopes have intersection number
±2. As such, the intersection numbers of the co-ordinates on T show that,
in MT , the surfaces K(4,1),K(4,−1) are related to K(0,1) by a difference of two
Mo¨bius bands. This may involve one boundary compression and one addition,
or two boundary compressions (additions). Furthermore, the intermediate sur-
face achieved after a single move has boundary curve (2q−2p,−2a+b) between
K(4,1),K(0,1) or (2q + 2p,−2a− b) between K(4,−1),K(0,1).
Utilising the invariance of genus in the Mo¨bius band tree under sign, project
the curves onto the first quadrant tree by taking the Euclidean length of the
co-ordinates:
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Curve on T First quadrant projection
(−2p, b) (2p, b)
(2q − 2p,−2a+ b) (
√
4q2 − 8pq + 4p2,√4a2 − 4ab+ b2)
(4q − 2p,−4a+ b) (
√
16q2 − 16pq + 4p2,√16a2 − 8ab+ b2)
(2q + 2p,−2a− b) (
√
4q2 + 8pq + 4p2,
√
4a2 + 4ab+ b2)
(−4q − 2p, 4a+ b) (
√
16q2 + 16pq + 4p2,
√
16a2 + 8ab+ b2)
Given the known difference in genus, which is preserved under projection,
the images of the sets (0, 1), (4, 1), (2q − 2p,−2a + b) and (0, 1), (4,−1), (2q +
2p,−2a− b) form chains of three vertices joined by two edges. Determining the
progression of magnitude in the first co-ordinates is sufficient to identify which
series of moves relates K(4,1) and K(4,−1) to K(0,1):
For p, q of the same sign:
√
4q2 − 8pq + 4p2 < 2p <
√
4q2 + 8pq + 4p2 <
√
16q2 + 16pq + 4p2
For p, q of different signs:
√
4q2 + 8pq + 4p2 < 2p <
√
4q2 − 8pq + 4p2 <
√
16p2 − 16pq + 4p2
As such, in the two cases respectively, the surfaces K(4,−1),K(4,1) are always of
non-minimal genus. This is consistent with the Dehn twist necessarily being in
the direction of one of (4, 1)K , (4,−1)K , which leaves the surface with boundary
twisting in the opposite direction non-minimal. While the sign of p, q is sufficient
to determine non-minimality, it does not identify minimality.
Consider the cases where p, q are of the same sign:
The inequality
√
4q2 − 8pq + 4p2 <
√
16p2 − 16pq + 4p2 holds if and only if
|2p
q
| < 3. Therefore, given the ratio |2p
q
| < 3, the intermediate surface bounded
by (2q − 2p,−2a + b) has genus less than both K(0,1),K(4,1). As such, the
surfaces are related by a boundary compression and an addition, hence have
the same minimal genus. Conversely, if |2p
q
| > 3, the genus of the intermediate
surface bounded by (2q − 2p,−2a+ b) lies between those of K(0,1),K(4,1), thus
the surfaces are related by two boundary compressions (additions) and K(4,1)
is the surface of unique minimal genus (see Figure 5).
For the cases when p, q are of different signs, the same argument applies, yielding
analogous results. For |2p
q
| < 3, the surfaces K(0,1),K(4,−1) have the same
minimal genus; and for |2p
q
| > 3, the surface K(4,−1) is of unique minimal genus.
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(|−4q − 2p|, |4a + b|)
(|−4q − 2p|, |4a + b|) (|2q + 2p|, |−2a− b|)
(|2q + 2p|, |−2a− b|) (|−2p|, |b|)
(|4q − 2p|, |−4a+ b|) (|−2p|, |b|) (|2q − 2p|, |−2a+ b|)
(|2q − 2p|, |−2a+ b|) (|4q − 2p|, |−4a+ b|)
Figure 5: Relative position of curves in the Mo¨bius band tree for p, q same sign
Therefore, for all appropriate p, q, there is a unique, geometrically incompress-
ible, minimal genus one-sided splitting surface when |2p
q
| > 3. For the inverse
ratio |2p
q
| < 3, there are two geometrically incompressible minimal genus one-
sided splittings.
Claim If p, q are of the same sign, then K(4,−1) compresses to K(0,1).
Consider the surfaces P(0,1), P(4,−1) in the knot space. Given Figure 8 knot space
is a fibre bundle over its Seifert surface, the punctured torus P(0,1), consider
P(4,−1) in relation to this fibre structure. The boundary curves ∂P(0,1), ∂P(4,−1)
intersect in four points x1, x2, x3, x4, which divide ∂P(0,1) into four segments:
c1, c2, c3, c4.
By Thurston [11], P(4,−1) meets P(0,1) in σ1, σ2, which are disjoint parallel arcs
that each run once longitudinally around P(0,1). These arcs have endpoints
{x1, x4}, {x2, x3} respectively, which bound disjoint segments of ∂P(0,1) – say
c1, c3. See Figure 6.
Since p, q have the same sign, K(4,1) is of minimal genus and K(4,−1) differs
from K(0,1) in MT by two additional Mo¨bius bands. Push these bands out of
MT , so that the surfaces coincide in the solid filling torus and K(4,−1) intersects
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T
P(0,1)
σ1 σ2
c1
c2
c3
c4
Figure 6: P(4,−1) intersects P(0,1) in the arcs σ1, σ2 and T in the curve (4,−1)K .
T in the (−2p, q)T = (0, 1)K curve. By Lemma 5.2, there is only one surface
P¯(4,−1) ⊂M0 with boundary curve (0, 1)K that boundary compresses to P(4,−1),
which is obtained by adding two parallel Mo¨bius bands to P(4,−1).
If b1, b2 ⊂ P¯(4,−1) are the Mo¨bius bands of K(4,−1) pushed out of MT , let c¯2, c¯4
be their intersections with P(0,1). Let σ¯1, σ¯2 be the remaining sections of σ1, σ2
in P¯(4,−1). The disc D1 ⊂M0 bounded by σ¯1, σ¯2, c¯2, c¯4 is a compressing disc for
P¯(4,−1)
Compressing P¯(4,−1) along D1 results in a punctured surface inM0, with bound-
ary (0,−1)K = (0, 1)K , that does not intersect P(0,1). As this surface shares a
boundary slope with, yet is disjoint from, the orbit surface, it compresses to a
surface isotopic to P(0,1).
Having thus proved the claim, the result can be extended by symmetry to the
case when p, q are of differing signs. Therefore, given any even Dehn filling
of Figure 8 knot space, there are at most two geometrically incompressible
one-sided Heegaard splitting surfaces.
In the event that K(0,1) is also of non-minimal genus, the result can be sharp-
ened:
Claim If |2p
q
| > 3, then K(0,1) compresses to K(4,1).
Since K(0,1) has non-minimal genus, it differs from K(4,1) in MT by two addi-
tional Mo¨bius bands. Push these bands out ofMT , so that the surfaces coincide
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in the solid filling torus andK(0,1) intersects T in the (4q−2p, 4a+q)T = (4, 1)K
curve. By Lemma 5.2, there is only one surface P¯(0,1) ⊂ M0 with boundary
curve (4, 1)K that boundary compresses to P(0,1), which is obtained by adding
two parallel Mo¨bius bands to P(0,1).
Let α, β ⊂ P¯(0,1) be arcs running along the Mo¨bius bands of K(0,1) pushed out
of MT , with endpoints {a1, a2}, {b1, b2} ∈ ∂P¯(0,1) respectively. Let λ be an arc
that runs once longitudinally around P¯(0,1), with endpoints {a1, b1}. Let γ be
an arc that runs once meridionally around P¯(0,1), with endpoints {a2, b2}. See
Figure 7.
The disc D2 ⊂M0 bounded by α, β, γ, λ is a compressing disc for P¯(0,1).
T
P¯(0,1)
λ
γ
αa1
a2
β
b1
b2
Figure 7: The arcs α, β, γ, λ on P¯(0,1) that bound the compression discD2 ⊂M0.
Compressing along D2 results in a once-punctured Klein bottle in M0, with
boundary slope (4, 1)K . By Thurston [11], such a surface is unique up to isotopy,
so the resulting surface is isotopic to P(4,1). Therefore, K(0,1) geometrically
compresses to K(4,1).
Again, symmetry shows that the corresponding result holds in the case where
p, q have different sign and |2p
q
| > 3. Therefore, given a (2p, q) Dehn filling of
Figure 8 knot space with ratio |2p
q
| > 3, the surface K(4,1) is the unique geomet-
rically incompressible one-sided Heegaard splitting surface for the manifold, up
to isotopy, if p, q are of the same sign; and K(4,−1) is such a surface otherwise.

In the case where |2p
q
| < 3, it has been established that there are two surfaces
of minimal genus. While both surfaces are known to be geometrically incom-
pressible, it is not immediately possible to determine whether they are isotopic
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in M . Indeed, such a problem requires a broader understanding of how geo-
metrically incompressible surfaces behave in filled knot spaces and is deferred
to later work. Therefore, at this point, it is possible only to say that given a
(2p, q) Dehn filling of Figure 8 knot space with ratio |2p
q
| < 3, there are at most
two geometrically incompressible one-sided Heegaard splitting surfaces.
6 Non-Haken hyperbolic 3-manifolds
When attention is restricted to non-Haken hyperbolic 3-manifolds, the num-
ber of non-isotopic geometrically incompressible one-sided surfaces of bounded
genus can be shown to be finite. This uses some well-known facts about minimal
surfaces in such manifolds. Combining with the main result, this shows that
there are only finitely many isotopy classes of one-sided splittings of bounded
genus for a non-Haken hyperbolic 3-manifold, up to stabilisation.
Theorem 6.1 If M is hyperbolic and non-Haken, then it has finitely many
one-sided geometrically incompressible surfaces of bounded genus up to isotopy.
Proof Consider all geometrically incompressible one-sided surfaces of bounded
genus in a hyperbolic manifold M . Isotope each so that it is least area in its
isotopy class [5]. Using the Gauss equation, all such surfaces are of bounded
area [12].
Having isotoped all geometrically incompressible one-sided splitting surfaces to
form a sequence of bounded area minimal surfaces, compactness of solutions
of the minimal surface equations determines that there exists a convergent
subsequence, with possible neck pinching in the limit [1]. However, since the
surfaces are geometrically incompressible, only trivial spheres can be pinched
off. Hence, after a finite number of surfaces in the subsequence, all remaining
surfaces are isotopic to the limit surface. Therefore, there are only finitely many
non-isotopic geometrically incompressible surfaces of bounded genus. 
Corollary 6.2 There are only finitely many isotopy classes of bounded genus
one-sided splittings for a non-Haken hyperbolic 3-manifold, up to stabilisation.
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